Abstract. Effective electron excitation collision strengths for fine-structure forbidden transitions within the 4p k (k = 2 − 4) ground configurations of Kr iii, Kr iv and Kr v have been calculated using the Breit-Pauli R-matrix technique and are tabulated in the range 2 000 − 50 000 K. The model for the system target + electron is based on a 6-(Kr iii), 7-(Kr iv) and 8-state (Kr v) close-coupling representation. The comparison with the results of the semi-relativistic R-matrix method reveals the importance of full intermediate coupling especially at low electron temperatures. Our data will enable detailed quantitative analyses of collisionally excited krypton lines in the spectra of gaseous nebulae.
Introduction
The recent detection of heavy trace elements with nuclear charge numbers Z > 30 in the planetary nebula (PN) NGC 7027 (Péquignot & Baluteau 1994 , hereafter referred to as PB94) has opened up interesting scientific possibilities in astrophysics. In particular, several relatively strong collisionally excited forbidden lines in the [Kr iii, iv, v] spectra were unambigously identified. Using crude estimates for the collision strengths of krypton ions Péquignot & Baluteau found that krypton could be overabundant by a factor of ∼ 20 compared to the solar system value. This unexpected result is a clear indication that PNe can play a much more important rôle in the overall process of element synthesis than has previously been recognized. Since the noble gas emerges from the neutron capture process in the interior of the progenitor of NGC 7027 and has obviously been injected into the interstellar medium it is very interesting with a view to testing models for the final Send offprint requests to: T. Schöning stages of stellar evolution and the chemical evolution of galaxies.
We have tackled the problem of calculating collisional data for krypton ions. In a previous paper (Schöning & Butler 1995 , hereafter referred to as Paper I) we have provided for the first time effective collision strengths for finestructure forbidden transitions in the 4p 3 ground configuration of Kr iv. Since this ion was considered as a test case for the computation of collisional data for heavy elements the scattering problem was solved using a semi-relativistic R-matrix approach, i.e. the method approximately allows for relativistic effects in the target through transformations of the LS-coupling transmission matrices calculated with the non-relativistic R-matrix technique (Berrington et al. 1987 ) to intermediate coupling. Nevertheless, we have argued that this method yields reliable results which lead us to conclude that the krypton overabundance reported by Péquignot & Baluteau is probably real.
However, convincing quantitative analyses of the observed lines make it necessary to employ the most accurate collisional data currently achievable. Thus the aim of this paper is to apply recently developed electron scattering techniques to the calculation of collision strengths for krypton ions such that relativistic effects in both the target and scattered electron wave function are consistently included from the outset. Within the context of the R-matrix method two approaches are available. In the low-Z Breit-Pauli (bp) formulation (see Hummer et al. 1993 , hereafter IP93) the non-relativistic continuum Hamiltonian is transformed from LS coupling to a pair coupling scheme and the one-body mass correction, Darwin and spin-orbit terms are additionally included. However, since it is well known that the bp Hamiltonian is applicable to intermediate Z-ions with Z not much beyond Z = 30 test calculations are desirable for at least one of the krypton (Z = 36) ions using the Dirac R-matrix theory (see Norrington & Grant 1987) which is the state of art for the heavy-atom case. These calculations are currently underway and will be the subject of a future paper (Schöning, in preparation) .
The plan of this paper is as follows. In Sect. 2 we outline the calculation of effective collision strengths for the ions of krypton under consideration. The results are presented in Sect. 3 and critically discussed in Sect. 4. Finally, concluding remarks are given in Sect. 5.
Calculations
Since a consistent treatment of relativistic effects in both the target and scattered electron wavefunction is computationally demanding it is necessary to keep the dimensions of the problem to a reasonably small level. Thus the total wavefunction for the system target + electron was calculated in a 6-(Kr iii), 7-(Kr iv) and 8-state (Kr v) close-coupling representation. In Table 1 we list the spectroscopic target configurations along with a number of correlation configurations included essentially for improving the target energies. For transitions within the 4p k (k = 2, 3, 4) ground configurations these target representations allow for sufficient collisional coupling with higher target states for the electron temperatures (and energies) under consideration. The SUPERSTRUCTURE package (Eissner et al. 1974; Nussbaumer & Storey 1978) has been employed to optimize the one-electron orbitals nl. The corresponding adjustable scaling parameters λ nl in the statistical-model potential are to be found in Table 2 . Subsequently Table 3 shows the calculated fine-structure energy levels together with the observed values taken from Sugar & Musgrove (1991) . Except for the lowest states the relative difference between theory and experiment is generally much less than 10%. The case of the Kr iii and Kr v 3 P ground term fine-structure states is marginal since the absolute deviations in the fine-structure energy splittings are similar to those of higher states. With regard to the first excited 2 D o term in Kr iv the agreement could be further improved through the inclusion of, for example, 4f pseudo-orbitals. However, the corresponding pseudo-resonances in the collision strengths are located close to threshold and could significantly contribute to the thermally averaged collision strengths leading to inaccurate results. Finally, for selected transitions SUPERSTRUCTURE gf values calculated in the length and velocity formulations are given in Table 4 . The agreement is reasonable considering the rather coarse description of the complex targets. We note that in the scattering calculations the theoretical energy levels have been replaced by those measured such that the target thresholds are adjusted to the correct values.
The scattering calculations have been performed using two different approaches of various sophistication for the collisional problem with the inclusion of relativistic effects. These methods are based on: (a) purely algebraic recoupling of LS target terms to an LSJ coupling scheme and J − J coupling between target terms using term coupling coefficients (tcc's) and (b) full intermediate coupling calculation using the bp Hamiltonian for electron-ion scat- tering. We begin with approximation (a) which has been discussed in Paper I. Here the solution of the collisional problem is efficiently achieved in LS-coupling by means of the Iron Project version of the R-matrix package (IP93) where the hamiltonian is taken to be the non-finestructure part H nfs of the low-Z Breit-Pauli hamiltonian
with H NR being the usual non-relativistic Hamiltonian. H mass and H Dar denote the one-body mass correction and Darwin term respectively. These relativistic operators yield important energy corrections to the N -electron target and (N + 1)-electron intermediate bound states. Then the calculation of collision strengths for transitions between fine-structure target levels essentially involves an algebraic transformation of the transmission matrices (T = 1 − S) to intermediate coupling. Following Saraph (1978) relativistic effects are included to first order through a further transformation of the T-matrices using term-coupling coefficients. The latter are obtained as byproducts in a bp run of the RAL version of the Iron Project R-matrix package (Eissner, private communication) . As the tcc method neglects the fine-structure energy splitting of the target terms the effective collision strengths prove to be useful for higher temperatures such that the dominant contributions to the thermal average arise from collision energies above the fine-structure thresholds. The more elaborate technique (b) used in this paper is based on the bp formulation of the R-matrix method (IP93). Here a consistent treatment of relativistic effects in both the target and scattered electron wavefunction is enabled through the use of the low-Z bp Hamiltonian
which beside the non-finestructure part H nfs (see Eq. (1)) contains the spin-orbit interaction H so . The latter does not preserve LS symmetry but is diagonal in the total angular momentum J = L + S. Accordingly the matrix elements of the bp Hamiltonian are most conveniently evaluated in a pair coupling scheme with explicit consideration of all scattering channels including fine structure. Thus the size of the Hamiltonian matrices and, consequently, the computing time greatly exceed that of the tcc calculations. The numerical solution is handled using the QUB version of the Iron Project R-matrix package (IP93) followed by a run of the Opacity Project asymptotic region code STGF (Berrington et al. 1987 ).
Partial waves have been included for all total angular momenta and parity symmetries with J ≤ 12 which ensure sufficient convergence of the collision strengths for forbidden transitions within the target ground configuration. Due to the rather narrow resonance structure of the collision strengths we have set up the energy mesh Kelvin) . In the row containing the ion symbol the indices of the initial and final levels are coded as follows: in terms of the effective quantum number ν relative to the next higher target threshold. It has been found that a step width ∆ν = 0.0005 gives good resolution of the resonances. Close to thresholds where the effective quantum number exceeds a value of ν max ≈ 10 Gailitis averaging (Gailitis 1963 ) of the resonances is performed and a constant interval length ∆E ≈ 1 10 −5 Ryd in (z-scaled) energy is used.
Results
With regard to astrophysical applications it is convenient to calculate the effective collision strength Υ ij which is the thermal average of the collision strength Ω ij
where x = E/k B T . E denotes the kinetic energy of the outgoing electron, T the electron temperature in Kelvin and k B = 6.339 10 −6 Ryd/K, the Boltzmann constant. Υ ij enters into the excitation rate coefficient from level i to j through q ij = 8.631 10
where g i is the statistical weight of level i and E ij the energy difference between levels i and j in Ryd. The deexcitation rate coefficient is given by q ji = 8.631 10
In Table 5 we have tabulated Υ ij for all transitions within the ground configurations of Kr iii, iv, v and temperatures ranging from 2 000 to 50 000 K. This temperature grid is especially suitable for the modelling of gaseous nebulae and stellar atmospheres.
Discussion
We have used various R-matrix techniques for the calculation of collision strengths: the semi-relativistic tcc and the full intermediate coupling bp method. It is interesting to compare the collision strengths as a function of colliding electron energy obtained with the different approaches. This comparison demonstrates the influence of the consistent treatment of relativistic effects in the system target + electron on the effective collision strengths. Here we focus on selected Kr iii, iv, v transitions from the ground state to excited states within the 4p k ground configurations. The collision strength of the 3 P 2 − 3 P 0 fine-structure transition in Kr iii is dominated by complex resonance structures at low electron energies (Fig. 1a) . The position and shape of the resonances close to threshold clearly affect the effective collision strengths especially at low temperatures. In the bp calculation the threshold is not at zero energy due to fine-structure splitting whereas in the tcc method the fine-structure thresholds are assumed to be degenerate. The effect of the full relativistic approach is well reflected in the effective collision strength (Fig. 2a) . In particular, for a temperature of 2 000 K bp yields an effective collision strength which is 30% lower compared to tcc. The difference reduces with increasing temperature (10% at 10 000 K) and both methods agree in the high temperature limit as expected.
As to the 4 S o 3/2 − 2 D o 3/2 transition in Kr iv the bp calculation exhibits a remarkable Rydberg series of resonances in the collision strength at low energies (Fig. 1b) . The series is converging to the 2 P o 1/2 threshold and superimposed on a broad resonance associated with bound channels in the J = 4 partial wave of even symmetry. Again the effect of fine-structure splitting can be clearly seen at the excitation threshold. Hence it is not surprising that the bp effective collision strength exceeds the tcc result by almost a factor of 2 at a temperature of 2 000 K (Fig. 2b) . However, the deviations rapidly diminish with increasing temperature such that the tcc results approach the bp values for T > 15 000 K.
Finally, Fig. 1c demonstrates the collision strength for the 3 P 0 − 1 S 0 transition in Kr v where similarly to the case of Kr iv the lowering of the collisional background close to threshold is prominent in the bp calculation. Moreover the comparison exhibits an important feature of the bp calculations, the shift of resonances due to relativistic spin-orbit effects on collisional complex terms. Accordingly the bp effective collision strength is much lower (35% at 2 000 K) as compared to tcc (Fig. 2c) .
To our knowledge experimentally measured collision strengths are not available for any krypton ions. Were the krypton abundances in NGC 7027 known we could infer 
with n ion being the actual nebular abundance of the ion emitting the line and n elem the solar system elemental abundance relative to hydrogen. Υ 1j is the effective collision strength for the transition from the ground state to the upper level j of the line j → i. Since abundances are not known a priori we consider proper ratios of Θ λ parameters, e.g.
for transitions in the Kr iv 4 S− 2 D multiplet at 5868.0Å (1 − 2) and 5346.1Å (1 − 3). The labelling of the transitions in braces refers to the indices of the fine structure energy levels in Table 5 . For a nebular temperature of 13 500 K (see Table 2 in PB94) the tcc and bp calculations yield Υ 13 /Υ 12 = 1.42 which is well within the error limit of the measurements (Θ 5346 /Θ 5868 = 1.36 ± 0.09) of Péquignot & Baluteau. We note that agreement could not be achieved with a non-relativistic approach where the collision strengths for excitation from the 4 S 3/2 ground state to the individual 2 D 3/2,5/2 fine-structure levels are obtained from LS coupling data using statistical weights and thus satisfy the relation Υ 13 /Υ 12 = 1.5. This result clearly demonstrates the importance of relativistic effects on the electron excitation of krypton ions.
On the other hand the Θ λ parameters prove to be useful for determining the krypton abundance in NGC 7027. In their analysis (PB94) Péquignot & Baluteau tentatively presumed that collision strengths are similar for homologous forbidden transitions in Ar n+ and Kr n+ ions. However, by comparing our collision strengths for Kr iiiv with the results of previous calculations for Ar iii-v (Johnson & Kingston 1990; Zeippen et al. 1987; Mendoza 1983) we found that some effective collision strengths for Kr n+ are larger by more than a factor of 2 compared to Ar n+ . Consequently it is interesting to reanalyse the spectral data of PB94 and apply our new collision strengths for krypton ions.
We follow the method of PB94 except that we do not neglect the individual behaviour of the complex ions in collisional processes. Then for homologous transitions in argon and krypton ions we consider the ratio
and using (6) we rewrite (8) as
We emphasize that Kr n+ /Ar n+ denotes the ratio of ionic abundances in NGC 7027 and Kr/Ar is the ratio of solar system elemental abundances. In Table 6 y n derived from the Θ λ values in Tables 10-13 of PB94 are listed for selected homologous transitions in Ar n+ and Kr n+ (n = 2, 3, 4) ions. The transitions have been chosen such that for a specific ion number the uncertainty of Θ λ quoted in PB94 is minimal. The nebular abundance of krypton n Kr,7027 in units of the solar system abundance n Kr, (see Table 3 in PB94) is then given as
where x n = Ar n+ /Ar is the ionization fraction of argon obtained from recent photoionization models of NGC 7027 (see Table 17 in PB94). The ratios of effective collision strengths z n = Υ 1j (Ar n+ )/Υ 1j (Kr n+ ) have been calculated for electron temperatures according to Table 2 in PB94. The "ionization correction factor" icf (see Table 17 in PB94) accounts for contributions of unobserved highly ionized Ar n+ and Kr n+ (n ≥ 5) ions to the sum in (10). No data are available for Ar + and Kr + , thus y 1 z 1 = (Kr + /Ar + )/(Kr/Ar) is set arbitrarily to unity as these ions are negligible.
Using (10) and the values of x n , y n and z n listed in Table 6 we find that krypton is overabundant in NGC 7027 by a factor of ∼ 8 relative to the solar system value. We note that our result is lower by a factor of ∼ 2 compared to the estimate of PB94. This is mainly due to the use of our calculated collision strength for the Kr iv transition which exceeds that of the homologous transition in Ar iv by more than a factor of 2.
Conclusion
This paper presents for the first time effective collision strengths for fine-structure forbidden transitions in the ground configurations of the 4p k ions Kr iii, iv, v obtained with the bp R-matrix approach. The comparison with the semi-relativistic tcc method, essentially an algebraic recoupling technique using term-coupling coefficients, reveals that the effects of full intermediate coupling manifest themselves most strongly at low electron temperatures where the two methods differ by up to a factor of 2. However, for higher temperatures (T > 10 000 K) both methods generally agree to within 20%. Considering analyses of collisionally excited lines of krypton ions in PNe with high nebular temperatures these deviations are comparable with other uncertainties, e.g. due to the determination of ionization equilibria for heavy elements. Thus we conclude that for present diagnostics of nebular spectra the semi-relativistic method can be an adequate alternative to the computationally expensive bp calculations.
We have reanalysed the spectroscopic data of PB94 for NGC 7027 using our calculated collision strengths for the krypton ions. Our results confirm, although to a lesser extent, the enrichment of krypton in the nebula. The question concerning the mechanisms of the effective enhancement of the heavy element in the atmosphere of the progenitor of NGC 7027 is still open for discussion and will stimulate new strategies in the models of nucleosynthesis and stellar evolution. We note that our data will also be very useful for spectral analyses of other PNe and probably H ii regions where lines of krypton ions may be detected with improved observational equipment.
Our future efforts will focus on the application of the Dirac R-matrix method to the calculation of collision strengths for at least one of the krypton ions. This investigation will make possible further checks of the accuracy of the present data. Collision strengths for other ions of astrophysical interest (Xe, Ba, Ni) will be available in the near future.
